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Abstract 
In this work, we outline an attempt to reduce operator bias in the determination of minimum bubbling velocity, Umb. We examine 
the utility of two simple statistical indicators, viz standard deviation, σ, and von Neumann ratio, T, of the pressure fluctuation data, 
for estimation of Umb. Samples of lactose, sand, refractory dust, and glass ballotini, were fluidized under ambient conditions in an 
80 mm column. Normalised σ and T–1 were plotted against normalised superficial velocity, U. Plots of normalised σ versus 
normalised U exhibit a step change in the vicinity of Umb,v, the visual estimate of Umb, while plots of normalised T-1 versus 
normalised U peak sharply, close to Umb,v. 
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1. Introduction 
Minimum fluidizing velocity, Umf, and minimum bubbling velocity, Umb, are both important in the design and 
operation and modelling of fluidized beds. The classical method for finding Umf is from a plot of measured bed 
pressure drop versus superficial velocity while determination of Umb is ultimately related to visual inspection of the 
bed for the occurrence of the first bubble. The fluctuations inherent in the pressure measured at a point in a powder 
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bed have long been recognised as having utility in the interrogation of the hydrodynamic state of the bed, and 
Puncochar et al. [1] and Wilkinson [2] used plots of the standard deviation of bed pressure drop, σp, against 
superficial velocity, U, to determine Umf. Their measured values of σ were initially close to zero and then rapidly 
increased with increasing U. Their method was to extrapolate to the abscissa, U, and assign the value of the intercept 
as the estimate of Umf. It has been noted by Davies et al. [3] that this method inherently measures bubbling, but could 
be expected to return estimates of Umf  for Geldart Groups B and D particles for which Umf and Umb are similar, as 
indeed were the particles used by Puncochar et al. [1] and Wilkinson [2]. Davies et al. [4] reported results obtained 
with batches of silica sand, nominally Geldart B, in which the variation of the reciprocal of von Neumann ratio, T, 
and the variation of σ with U were investigated. They noted that T-1 peaked at or near to Umf  , but comment on the 
relationship to bubbling onset was constrained by the lack of visual estimates of minimum bubbling velocity. 
Minimum bubbling velocity is a defining parameter in the classification of Geldart A powders [5], and continues to 
be of practical and theoretical interest. But, its determination is labour intensive, presents practical challenges at 
elevated temperatures and pressures, and visual estimates can introduce subjectivity to the data [6]. 
A potential route to the reduction or elimination of operator bias in the determination of minimum bubbling 
velocity is to use the information contained in the fluctuations in the pressure drop across a bed of particles as the 
superficial velocity is increased. In this paper our specific aim is to attempt to unequivocally clarify the behaviour of 
the von Neumann ratio, T, and the standard deviation of bed pressure drop, σ, as superficial velocity is increased up 
to and beyond Umf.  
Saw et al. [7] used very small changes in U, and a flow measurement system capable of measuring these changes, 
while measuring bed pressure drop and visually monitoring the bed surface of two lactose powders and one sample 
of fine silica sand. For these three materials, T-1 peaked at a value greater than Umf, apparently at, or close to, the 
superficial velocity at which bubbles are first seen to appear, Umb,v, and σ changed abruptly. 
Here, we extend this earlier work with 10 additional materials, for a total of 13 powders with surface-volume 
mean diameters, d32, ranging from 36 – 223 μm and particle densities, ρp, ranging from 1540 – 3010 kg m-3. 
2. Experimental 
The apparatus is shown schematically in Figure 1. The fluidized bed was a Perspex® cylinder 80 mm in diameter, 
fitted with a distributor made from 16 layers of Whatman® Grade No. 3 filter paper. The fluidizing air had a relative 
humidity of ~11%, and was supplied from the laboratory mains. A coarse indication of flow rate was obtained with 
a rotameter, and precision measurements were made with a custom built hot-wire anemometer calibrated with a soap 
film flow meter (SKC311-1000, SKC, Eighty Four, PA 15330 USA). Pressure was measured with a Motorola 
MPX10DP pressure transducer calibrated with a Baratron® pressure transducer (Type 220D, MKS Instruments, UK), 
via a tapping through the lower flange ~ 2 mm above the upper surface of the distributor; pressure readings were 
logged at 50 Hz. 
The test materials were 5 samples of milled lactose, 2 samples of spray dried lactose, 3 samples of silica sand, 2 
samples of refractory dust and one sample of glass ballotini. The milled lactose samples were prepared by sieving 
lactose monohydrate (Pharmatose® 70M, DMV-Fonterra Excipients), and the spray dried lactose were sieved from 
a commercial spray-dried lactose monohydrate powder (SuperTab®, DMV-Fonterra Excipients, New Zealand) 
Material properties, size parameters and density are given in Table 1; d10, d50, d90 are respectively the 10%, 50% and 
90% points on a cumulative undersize volume-weighted size distribution, [μm]; d32 is surface-volume mean 
diameter, [μm]; F45 is fraction of fines less than 45 μm, [-]. 
In each test run, the following procedure was used: Five hundred grams of the test material were fluidized 
approximately 5 minutes at ~ 2 - 3 Umf; the fluidizing air was then turned off quickly, and the bed allowed to 
collapse. Superficial velocity was increased in small increments, the bed being allowed to stabilise for ~5 minutes 
after each incremental change before 10,000 measurements of the bed pressure drop were logged at 50 Hz. The 
procedure was repeated for decreasing superficial velocities. 
3. Results 
Values of the standard deviation of bed pressure drop, σ, and the von Neumann ratio, T, were calculated using 
Equations (1) and (2) below for each material for each superficial velocity used; xi is pressure i, and n is the number  
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Figure 1. Schematic diagram of apparatus. 
Table 1. Particle density, and size parameters of test materials. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Powder ρp 
[kg m–3] 
d10  
[μm] 
d50  
[μm] 
d90  
[μm] 
d32 
[μm] 
F45 
[-] 
Milled lactose 
     
LM2 ~1540 27 113 191 73 0.121 
LP2 ~1540 36 139 232 84 0.110 
LM3 ~1540 82 143 291 111 0.047 
LM6 ~1540 142 242 387 164 0.045 
LP3 ~1540 178 263 373 223 0.018 
Spray-dried lactose      
LT1 ~1540 16 47 87 36 0.415 
LT2 ~1540 76 114 159 102 0.025 
Sand      
S1 ~2120 23 52 98 40 0.349 
S2 ~2130 51 77 112 77 0.030 
SB ~2710 130 166 203 160 0.000 
Refractory dust      
RD1 ~3010 18 57 108 42 0.324 
RD2 ~2750 44 72 109 67 0.080 
Glass beads      
B8 ~2460 180 195 209 193 0.000 
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of data points in the sample. For each material, these calculated values of σ and T were normalised by dividing by 
their maximum value. The general behaviour and trends observed for increasing and decreasing superficial 
velocities were quantitatively similar, and only results for increasing superficial velocities are presented here.  
 
 
 
            (1) 
 
 
 
 
            (2) 
 
 
 
 
In Figures 2 and 3 respectively, [T/Tmax]-1 and [σ/σmax] are plotted against normalised superficial velocity 
[U/Umb, v], to illustrate the general trends seen for most of the test materials. The reciprocal of the normalised von 
Neumann ratio, [T/Tmax]-1, rapidly rises to its peak value, close to [U/Umb, v] =1, and rapidly decreases as [U/Umb, v] 
increases beyond a value of unity. Likewise, close to [U/Umb, v] =1, normalised standard deviation, [σ/σmax], abruptly 
changes from a steady value, but as [U/Umb, v] increases beyond 1, there is some variation in [σ/σmax] before it begins 
to increase steadily.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2   Variation of normalised von Neumann ratio with normalised superficial velocity; sand S1. 
Results for all materials tested are plotted in Figures 4 and 5 which respectively show the variation of the 
reciprocal of normalised von Neumann ratio and normalised standard deviation with normalised superficial velocity. 
In both Figures, [U/Umb, v] = 1 has been clearly marked with a solid line. 
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Figure 3   Variation of normalised pressure drop standard deviation with normalised superficial velocity; sand S1. 
4. Discussion 
The stated aim of this work, framed in the context of reducing or eliminating operator bias, was to “....clarify the 
behaviour of the von Neumann ratio, T, and the standard deviation of bed pressure drop, σ, as superficial velocity is 
increased up to and beyond Umf.”. Paradoxically, visual observation is inescapably the benchmark for data 
reconciliation, and throughout this work all observations were made by the same operator; repeat results for powder 
LP2 are in reasonable accord and included in Figures 4 and 5.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4 Variation of normalised von Neumann ratio with normalised superficial velocity; all test materials. 
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Figure 5 Variation of normalised pressure drop standard deviation with normalised superficial velocity; all materials. 
Inspection of Figure 4 shows peak values for all materials clustered close to the point [T/Tmax]-1 =1, [U/Umb, v] = 1, 
with the exception of the refractory dust sample RD1; we have no explanation for this apparent anomaly, but note 
that the sample has the widest span of all materials tested, has a high fines content, and is known to be a mixture of 
materials of different density. Figure 5 is striking because of the abrupt increase in [σ/σmax] at or close to 
[U/Umb, v] = 1 for all materials, though the data for [U/Umb, v] > 1 show some scatter before tending to steadily 
increase; this is clearly seen in Figure 3 as already noted above. 
The observations of rapid change in [T/Tmax]-1 and [σ/σmax], at values of U close to Umb are encouraging, but we 
note that the precision of values of Umb estimated via pressure fluctuation parameters is likely to be constrained by 
the size of the incremental changes in U, and the precision with which U can be measured.  
5. Conclusions 
Standard deviation, σ, and von Neumann ratio, T, have been calculated for the fluctuating pressure drop signal 
measured for incrementally increasing superficial velocities in beds of 13 powders with mean diameters ranging 
from 36 - 223 μm, and particle densities in the range 1540 - 3010 kg m-3. For most of the test materials, the 
reciprocal of von Neumann ratio increased rapidly as superficial velocity approached the minimum bubbling 
velocity estimated visually, before rapidly decreasing as superficial velocity was further increased. Standard 
deviation of bed pressure drop abruptly increased at or close to the visual minimum bubbling velocity; beyond 
minimum bubbling, there was some scatter before it steadily increased. There is good accord between the visual 
estimates of minimum bubbling velocity and the superficial velocity defined by sharp changes in [T/Tmax]-1 and 
[σ/σmax].  
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